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Abstract 

We construct a new class of exact solutions describing spacetimes 
possessing Lie algebroid symmetry. They are described by generic off- 
diagaonal 5D metrics embedded in bosonic string gravity and possess 
nontrivial limits to the Einstein gravity. While we focus on nonholo- 
nomic vielbein transforms of the Schwarzschild metrics to 5D ansatz 
with solitonic backgrounds, much of the analysis continues to hold for 
more general configurations with nontrivial Lie algebroid structure 
and nonlinear connections. We carefully investigate some examples 
when the anchor structure is related to 3D solitonic interactions. The 
approach defines a general geometric method of constructing exact 
solutions with various type of symmetries and new developments and 
applications of the Lie aglebroid theory. 
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1 Introduction 

It has been widely investigated the black hole geometry and physics for 2D, 
3D, 4D and extra dimensional gravity theories ; see, for instance, Refs. 

The bulk of such exact solutions define asymptotically flat spacetimes, 
or spaces with nontivial cosmological constant, possessing Killing symmetry 
and constructed for the Minkowski, or (anti) De Sitter, backgrounds. It 
is less known how the black hole objects can be self-consistently defined 
for non-constant curvature backgrounds and what kind of symmetries and 
physical properties may characterize such solutions. In a series of recent pa- 
pers, we studied certain classes of metrics for black ellipsoids jHHHEj, black 
holes and wormholes in solitonic, spinorial, noncommutative and different 

1 we shall write 2D for two dimensional, 3D for three dimensional and so on... 
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types of nonholonomic backgrounds [HI E] and locally anisotropic deforma- 
tions of the Taub-NUT metrics [7 . The new class of solutions possess an ex- 
plicit nonlinear polarization of constants in the metric and linear connection 
coefficients, induced from extra dimension and/or by specific off-diagonal 
gravitational interactions, and related to a special class of nonholonomic 
frame transforms (vielbeins) with associated nonlinear connection (in brief, 
N-connection) structure. Such solutions can be constructed in string/brane 
gravity, and in general relativity, and constrained to define asymptotically flat 
spacetimes. At least in a finite region, they are characterized by generalized 
Lie group structure equations emphasizing certain type of noncommutative 
symmetries (investigated in Ref. jH]) or, for a different class of constructions, 
by Lie algebroid symmetries. 

In this paper, inspired by the Lie algebroid theory with applications to 
mechanics and classical field theory [HI EH EJ H21 UHj and recent approaches 
to the theory of gauge fields and gravity jTH HH1 HE], we wont to address 
essentially the following purposes: 

Given an Einstein-Cartan manifold with the metric and affine connec- 
tions satisfying the field equations of string gravity, to construct new classes 
of exact solutions describing spacetimes with Lie algebroid structure (grav- 
itational algebroids). Such solutions will be parametrized by generic off- 
diagonal metric ansatz, anholonomic moving frames and generalized affine 
connections related to certain three/two dimensional solitonic gravitational 
configurations 2 with nontrivial limits to the Schwarzschild black hole metric. 
We shall analyze the conditions when the solutions can be constrained to 
describe gravitational and matter field interactions in the framework of the 
Einstein gravity. There will be presented new motivations for the algebroid 
theory and developed a new type of Lie algebroid geometry on nonholo- 
nomic manifolds provided with nonlinear connection structure derived from 
the gravity theory. 3 

The paper is organized as follows: In section 2, we outline the basic 
Lie algebroid constructions behind the Einstein-Cartan spacetimes provided 
with nontrivial nonholonomic vielbeins with associated N-connection struc- 
ture and consider the effective field equations with string corrections. Section 
3 is devoted to a geometric method of constructing 5D and 4D off-diagonal 
solutions for gravitational algebroids. In section 4, there are elaborated two 
classes of exact solutions with trivial conformal factors generated by nonholo- 
nomic Lie algebroid deformations of the Schwarzschild solution to certain 

2 in brief, we shall write 3D; for four dimensions, 4D, and so on... 

3 A manifold is nonholonomic if it is provided with a nonintegrable distribution of 
submanifolds. In this paper, we shall emphasize the constructions for a special class when 
the distribution defines the nonlinear connection structure. 
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type of gravitational solitonic spacetimes. The conclusions are presented in 
section 5. The Appendix El outlines the main steps of constructing solutions 
on nonholonomic manifolds. Additionally to the solutions investigated in sec- 
tion 4, we briefly analyze two examples of metrics with nontrivial conformal 
factors in Appendix El 

2 Riemann— Cartan algebroids 

In this paper, for simplicity, we shall work with real, paracompact and neces- 
sary smooth class manifolds and maps and with locally trivial bundle spaces. 

2.1 Lie algebroids and N— connections 

The standard definition of a Lie algebroid A = (E, [•, •] , p) is related to a 
vector bundle £ = (E,tt,M), with a surjective map it : E — > M of the 
total spaces E to the base manifold M, of respective dimensions dimE = 
n + m and dim M = n. The algebroid structure is stated by the anchor map 
p : E — > TM (TM is the tangent bundle to M) and a Lie bracket on the 
C°°(M)-module of sections of E, denoted Sec(E), such that 



for any X, Y £ Sec(E) and / £ C°°(M). The anchor also induces a homomor- 
phism of C°°(M)-modules p : Sec(A) -> X\M) where A r (M) and X r (M) 
will denote, respectively, the spaces of differential r-forms and r-multivector 
fields on M. 4 

In order to investigate geometric models of gravity and string theories 
with nonholonomic frame (vielbein) structure, one does not work on a vector 
bundle E, or a tangent bundle TM, but on a general manifold V, dirriV = 
n + m, which is a (pseudo) Riemannian spacetime, or a more general one 
with possible torsion and nonmetricity fields (for the purposes of this paper, 
we shall consider it to be a Riemann-Cartan, or Einstein, manifold; see 
explicit constructions and references in 0). A Lie algebroid structure can 
be modelled locally on a spacetime V by considering a Whitney type sum 



defining a splitting into certain conventional horizontal (h) and vertical (v) 
subspaces. In this case, the anchor is defined as a map p : V — » KV and 
the Lie bracket structure is considered on the spaces of sections Sec{vV). 

4 on Lie algebroids geometry and applications, see Refs. |H1 1101 ITT1 1121 llrtj 



[X,fY] = f[X,Y}+p(X)(f)Y 



TV =hV © vV 
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Roughly speaking, we consider Riemann-Cartan manifolds admitting a lo- 
cally fibered structure induced by the splitting ((Tj) when the Lie algebroid 
constructions are usual ones but with formal substitutions E — > V and 
M — > hV. In general, a such structure is not integrable which mean that we 
work on a nonholonomic manifold, see details in Refs. ^3 CS] . 
The global decomposition (JTJ) is equivalent to an exact sequence 

-> vV -U TV -> TV/vV -> 0, 

giving a morphism N : TV — > t>V such that N o % is the unity in the ver- 
tical subbundle tV (the kernel ker7r T = vV, for ir 1 : TV — > hV) where 
i : v V — > TV is the inclusion mapping. The morphism N defines a nonlin- 
ear connection (in brief, N-connection) on the spacetime V. The manifolds 
provided with N-connection structure are called N-anholonomic j^j. 

Let us state the typical notations for abstract (coordinate) indices of 
geometrical objects defined with respect to an arbitrary (or coordinate) local 
basis, i. e. with respect to a system of reference. For a local basis on V, 
we write e a = (e$, i; ). The small Greek indices a, /3, 7, ... are considered to 
be general ones, running values 1, 2, . . . , n + m and i,j, k, ... and a,b,c, ... 
respectively label the geometrical objects on the base and typical "fiber" 
and run, correspondingly, the values 1,2, ...,n and 1,2, ...,m. The dual base 
is denoted by e a = (e l , v a ). The local coordinates of a point 116 V are written 
u =(x, u), or u a = (x l ,M a ), where u a (u) is the a-th coordinate with respect 
to the basis (v a ) and (x l ) are local coordinates on hV with respect to e,. By 
u a (x), one denotes sections of vY over M. We shall use "boldface" symbols 
in order to emphasize that the objects are defined on spaces provided with 
N-connection structure. 

A N-connection N is described by its coefficients, 

N = N- i (u)dx i ® ^ = A^(u)e' ® v,,, 

where we underlined the indices defined with respect to the local coordinate 
basis 

e« = dg_ = d/du- = (ej = dj_ = d/dx 1 -, Va = da = d/du-) 
and its dual 

= du^ = (e 1 = dx\ = du±). 
We can also consider a 'vielbein' transform 

e a = e a ^(u)e« and e a = e a Ju)e^ (2) 
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given respectively by a nondegenerate matrix e^-(u) and its inverse e a /3 (u). 
Such matrices parametrize maps from a local coordinate frame and co-frame, 
respectively, to any general frame e a = (ei,v a ) and co-frame e Q = (e\v a ). 
The class of linear connections consists, for instance, of linear depen- 

dence on u-, i. e. Nf(x,u) = Tf^x)^. 

In local form, the Lie algebroid structure on the manifold V is stated by 
its structure functions p l a (x) and C[ b (x) defining the relations 



[v a ,v b ] = C c ab (x)v c 



(3) 
(4) 



and subjected to the structure equations 



dpi j dpi 



dx j 



Pi 



dxi 



PcCab and 



E 

cyclic(a,b,c) 



pL 



dxT + Ga /° bc 



(5) 



For simplicity, we shall omit underlying of coordinate indices if it will not 
result in ambiguities. Such equations are standard ones for the Lie algebroids 
but defined on N-anholonomic manifolds. In brief, we call such spaces to be 
Lie N-algebroids. 

By straightforward computations, we can prove that the Lie algebroid 
and N-connection structures prescribe a subclass of preferred local frames 
related by subclass of matrix transforms (J2J) linearly depending on N^x, u), 



with the coefficients 



(«) 



and 



e/(u) iV?(u)e 6 ft (u) 
e/(u) 

e\(u) -iV£( U )e fc » 







e a a(n) 



Such transforms generate N-adapted frames 



and dual coframes 



(6) 
(7) 



v b + N b Ax l 



(9) 



for any Vb = e b ~db satisfying the condition v c \v b = 5 b c . In a particular case, 
we can take Vb = <9&. 
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We note that the operators e a (jHJ) and e a Q are the so-called "N- 
elongated" partial derivatives and differentials which define a N-adapted 
differential calculus on N-anholonomic manifolds. In the structure equations 
(JHJ), we have Cip\ — > dip\ because the structure functions p l a (x) and C^ b (x) do 
not depend on v-variables u a . For trivial N-connections, we can put iV" = 
and obtain the usual Lie algebroid constructions. 

The curvature of a N-connection Q, = —N v is defined as the Nijenhuis 
tensor 

N V (X, Y) = [ vX, vY] + vv [X, Y] - v[ vX, Y] - v[X, vY] 

for any X, Y &X(V) associated to the vertical projection "v" defined by this 
N-connection, i. e. 

fl =-n f b , e' A e j ® v b 
2 J 

with the coefficients 

% = e b N a l} = e,N% - + N\v b (JV^) - N b jVb (N%) . 

The vielbeins (jHJ) satisfy certain nonholonomy (equivalently, anholonomy) 
relations 

KM = Wl p e, (10) 

with nontrivial anholonomy coefficients Wj k = Qj k (x,u), W\ e = v e N b i (x,u) 
and W% e = C b e (x) reflecting the fact that the Lie algebroid is N-anholonomic. 

We can write down the Lie algebroid and N-connection structures in a 
compatible form by introducing the "N-adapted" anchor 

(? a (x, u) = e> L {x, u)e a %x, u) f&(x) (11) 

and "N-adapted" (boldfaced) structure functions 

c lg( x > u ) = e/ /( x . u ) e a-( x , u)e g i (x, u) Cag(x), (12) 

respectively, into formulas (j3J), (jlj) and (jSJ). We conclude that the Lie alge- 
broids on N-anholonomic manifolds are defined by the corresponding sets of 
functions fP a (x,u) and Cl g (x,u) with additional dependencies on v-variables 
u b for the N-adapted structure functions. For such generalized Lie N- 
algebroids, the structure relations became 

K V b) = P\{ X i u ) e i' ( 13 ) 

[v d ,v b ] = C f db (x,u)v f (14) 
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and the structure equations of the Lie N-algebroid are written 

tieM)-Ke0a) = P e C e ab , (15) 
£ (fe(CD + C{ 9 CL-C{ ; > a Q^;) = 0, 

cyclic(a,b,e) 

for Qf b lj = e b ' b e e ' e efr ej(e 6 ~e e -e^) with the values e 6 ' 6 and eyr defined by the 
N-connection. The Lie N-algebroid structure is characterized by the coef- 
ficients pi(x,u) and C^ b (x, u) stated with respect to the N-adapted frames 
© and ©. 

A Riemann-Cartan algebroid (in brief, RC-algebroid) is a Lie algebroid 
A == (V, [•,•], p) associated to a N-anholonomic manifold V provided with a 
N-connection N, symmetric metric g(u) and linear connection T(u) struc- 
tures resulting in a metric compatible covariant derivative D, when Dg = 0, 
but, in general, with non-vanishing torsion. 5 In this work, we shall inves- 
tigate some classes of metrics g(u) and linear connections T(u) modelling 
RC-algebroids as exact solutions of the field equations in string or Einstein 
gravity 



2.2 Metrics and linear connections on RC— algebroids 



Let us consider a metric tensor g on the manifold V with the coefficients 
defined with respect to a local coordinate co-basis du a = (dx\ du a ) , 



where 



g = g a/3 (u)du a <g> dvP 



gtj + N^hat N?h 



Nfh 



be 



h a b 



(16) 



e Q -<9o, and = e^^du^ with the 



Performing the vielbein transform e a 

matrix coefficients defined respectively by (JBJ) and (|ZJ), we write equivalently 
the metric g in the form 



g = g Q/3 (u) e <g> & 

where = g (e i; ej) and h cb 
are, respectively, just the vielbeins (JBJ and (JHJ). 



gij (u) e i <g> e j + h cb (u) v c g> v b , 
g(v c ,v b ) and e v = (e u v b ) and 



(17) 



5 We consider that reader is familiar with the main concepts from differential geometry; 
in general form, for N-anholonomic spaces, the torsion is defined bellow by the formula 

CE9- 
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If the manifold V is (pseudo) Riemannian, there is a unique linear connec- 
tion (the Levi-Civita connection) V, which is metric, Vg = 0, and torsion- 
less, V T = 0, but this connection is not adapted to the nonintegrable distri- 
bution induced by iVf(u). In order to construct exact solutions parametrized 
by generic off-diagonal metrics, or to investigate nonholonomic frame struc- 
tures in gravity models with nontrivial torsion, it is more convenient to work 
with more general classes of linear connections which are N-adapted but 
contain nontrivial torsion coefficients because of nontrivial nonholonomy co- 
efficients W2p- For a corresponding subset of constraints, the solutions can be 
related to N-anholonomic configurations in general relativity, see discussions 
and references from [3J E] . 

A distinguished connection (d-connection) D = {T^ 7 } on V is a linear 
connection conserving under parallelism the Whitney sum (0). This mean 
that a d-connection D may be represented by h- and v-components in the 
form r^ 7 = [L l j k i L% k , Bj c , , stated with respect to N-elongated frames 
© and (jHJ), defining a N-adapted splitting into h- and v-covariant deriva- 
tives, D = hD + vD, where hD = (L, L) and vD = (B, B). 

A distinguished tensor (in brief, d-tensor; for instance, a d-metric (fT7)l) 
formalism and d-covariant differential and integral calculus can be elabo- 
rated |lj for spaces provided with general N-connection, d-connection and d- 
metric structure by using the mentioned type of N-elongated operators. The 
simplest way to perform a d-tensor covariant calculus is to use N-adapted 
differential forms with the coefficients defined with respect to Q and (jHJ), for 
instance, = T^e 7 '. 

The torsion 

T a = De" = de a + Y a p A (18) 
of a d-connection D has the irreducible h- v- components (d-torsions), 

jk [jk]i ja 1 aj jai ji jii 

T a w = T% = v b (N?) - L\, T\ c = B\ bc] . (19) 

This is the result of a straightforward calculation. 

On RC-algebroids, the Levi-Civita linear connection 6 V = { V T^ 7 } is also 
not adapted to the global splitting ((TJ). Such nonholonomic manifolds can be 
characterized by a different type of linear connections: For instance, there 
is a preferred canonical d-connection structure V constructed only from the 
metric and N-connection coefficients [gij, h a b, N?] and satisfying the metricity 
conditions Dg = and T* jfc = and T a bc = 0. This can be checked by 

6 by definition, satisfying the metricity and zero torsion conditions 
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straightforward calculations with respect to the N-adapted bases © and (jHJ) 
if we take 

f% = v r« 7 + r> 7 (20) 

with the deformation d-tensor 

F> = (P; k = 0, P b \ = v b (N£), P] c = —g^hea, P h a c = 0), 

where V T^ 7 are the coefficients of the Levi-Civita connection. The torsion 
of the connection ([20]) is denoted Tjg . It should be noted that, in general, the 

torsion components T^- , T a ^ and T a bi are not zero. This is an anholonomic 
frame (or, equivalently, off-diagonal metric) frame effect. 

In explicit form, the h-v-components of the canonical d-connection r 7 Q/3 
= (Lj k , L bk , Bj c , B bc ), are given by formulas 





= ^9 rr [ e k(9jr) + ej{g kr ) 


- e r (gjk)} , 


fa 
^bk 


= v b {N a k ) + hi ac [e k {h bc ) 


' - h dc v b {N d k ) - h db v c {N d k 








B a bc 


= hi ad [ Vc (h bd ) + v b {h cd ) 


- Vd{hc)] ■ 



They present a 'minimal' generalization of the Levi-Civita connection for 
the nonholonomic (pseudo) Riemannian manifolds, which in the case of non- 
trivial nonholonomy coefficients W^g ([T0|) - resulting in nontrivial d-torsion 
components ([19)1. consist in a subclass of Riemann-Cartan manifolds pro- 
vided with N- connection structure. 

The formulas ([TO]) . ([TO]) and ([20]) and ([2T]) are defined on the nonholo- 
nomic spacetime V and contain the partial derivative operator v c = d/du c . 
We can emphasize the Lie N-algebroid structure on the space of sections 
Sec(v~V) by substituting v c = p l c (x)d/dx l (using the anchor map (j3J)), or, in 
N-adapted form, by working with "boldface" operators v c — > v c = pj,(x, u)ti 
(see formulas ([T3]) and (JHJ). A such "anchoring" of formulas defines canon- 
ical maps for d-metrics, anholonomic frames, d-connections and d-torsions 
from V to Sec(uV). For instance, we can define the anchored map for the 
" contravariant" h-part of the d-metric ([17]). 

h cb (u) v c ® v c ^ h cb (u) p* c f? b et ® ej 

modelling a h-metric h 1 -* = h cb (u) pj, p^. We can consider certain canonical 
anchors f? b when N h %: > = g % i . 
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By anchoring the N-elongated differential operators, we can define and 
compute (substituting v c by pj,e; into (J2U) the canonical d-connection p r 7 Q/3 

on Sec(vV) stating a canonical map T" ( aj3 — > T 7 ^. 



2.3 Curvature on nonholonomic RC— algebroids 

In a similar form, with respect to N-adapted bases, we can compute the h- 
v-coefficients of the curvature 

R a = di^ = <w a p - r 7 a 

(i. e. d-curvatures) of a d-connection T", 

e k [p hj) ~ e j [phk] + L m h jL l mk — L m hk L l m j — B l ha VL a k p 
e j {L\ k ) + L c bj L a ck — L c bk L a cj — B a bc Q c kj , 
- D k {B\ ]a ) + B* jb T b kaJ (22) 
D k (B c ba ) + B c bd T c ka , 
v b (B l , c ) + B h jb B\ c - B h jc B\ b , 



R hjk 


= e k {V hj ) 


pa 

ri ' bjfc 


= e k (L a bj ) 


pi 

11 jka 


= «.(£ 4 ifc ) 


R C bka 


= ^a(Afc) 


JDl 

jbc 


= 


pa 

bed 


= M^e) 



The "anchored" curvature is computed by the same formulas with v c — > 
joj,ej for any given d-connection p r 7 a/3 . For the curvature of the canonical 
d-connection, we have to use the anchored components of 1)2 lj) . for instance, 



7T bfca = pie, (^ c &fc ) - >£> fc ('^J + >B C M T 



ka ) 



where we denote by the " calligraphic" symbol TZ the RC-algebroid anchored 
curvature. In a similar form, we can map all components of (|22|) (we omit 
such details in this work). This mean that on a N-anholonomic RC-algebroid 
V we can work with the curvature H a * or we can transfer the constructions 
on S'ec(vV) and work with Tl a p. 

Contracting the components of (|2*2*|) . we define the Ricci d-tensor 



Ra/3 — R- T Q/ 3r 



with h- v-components 



Rij — R k ij k , Ria — R k %kai Rai — R l a i&> Rab — R C a bci (23) 



and the scalar curvature 



R = g a/3 R a/3 = Rij + h ab R ab . 
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The Einstein d-tensor is computed in standard form, 

We shall denote the anchored versions of the Ricci and Einstein d-tensors, 
respectively, by H a p and £ a p. 



2.4 String gravity and N— anholonomic manifolds 

Let us consider the strength H u \ p = e^B^ + e p B„A + e A B p!/ (antysimmetric 
torsion of the antisymmetric tensor B pi/ = — T5 up from the bosonic model of 
string theory with dilaton field $, see details, for instance, in. ^HlQSj) and 
introduce the torsion 

uXp 

where the deformation 

Z„ A = Z vXp e p = e x \T u - e u \T x + ^(e u \e x \T x )e~< (24) 

may be computed by using N-adapted differential forms and the interior 
product "J". We denote the energy-momentums of fields by 

J- a(3 - ^ a f3 + 

where sj^ at ' is the source from any possible matter fields and 5]^J(T I/ ,$) 
contains contributions of torsion and dilatonic fields. 

The dynamics of sigma model of bosonic string gravity with generic off- 
diagonal metrics, effective matter and torsion is defined by the system of field 
equations 

- ^gc^R- = kf a p, (25) 
D"(H„ A/0 ) = 0, (26) 

where k = const, and the Euler-Lagrange equations for the matter fields are 
considered on the background V. 

Let us consider a well known ansatz in string theory for the if -field when 



H^Ap — Z vXp + H vA p — A[fl]y \gap\tu\p (27) 

where e v \ p is completely antisymmetric and \b\ — const, which satisfies the 
field equations (|2T)j) for H uXp . In this work, the ansatz (J27|) is chosen for a 
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5D N-anholonomic background with Z v \ p defined by the d-torsions for the 
canonical d-connection. So, the values H u \ p are constrained to solve the 
equations (|27j) for a fixed value of the cosmological constant Ami effectively 
modelling corrections from string gravity but, in our case, additionally de- 
formed by a class of N-anholonomy constrains. As a result, a diagonal (with 
respect to (jEJ) and (jHJ)) source T Q/ g = diag{T a } is parametrized in the form 

A 2 A 2 A 2 A 2 A 2 

T a/3 = {T x + -jp, T 2 + JS T 3 + -^l, T 4 + T 5 + -j^} 

where T a are defined by certain matter fields contributions and Aj^/4 states 
string contributions. 

In terms of differential forms, the equations (|25|) are written 

Vo0yAK fh = ! T a , (28) 

where, for the volume 4-form r) = *1 with the Hodje operator " *" , rj a = e a \rj, 
Va/3 =f e j3\Va, Vaf3~f =f ^J^a/?, ■■■ 1 7l^ is the curvature 2-form and T Q denote 
all possible matter sources. The deformation of connection (|20|) defines a 
deformation of the curvature tensor with respect to the curvature of the Levi- 
Civita connection, v 7^ 7 . The gravitational field equations (J28|) transforms 
into 

Vaf3l A V TZ^ + Va(37 A = T «, (29) 

where V Z^ 7 = VP^ 7 + ^ tt Ar r 

A subclass of solutions of the gravitational field equations for the canoni- 
cal d-connection defines also solutions of the Einstein equations for the Levi- 
Civita connection if and only if 

VaPl A = (30) 

and T Q = v T a , (i. e. the effective source is the same one for both type of 
connections). Such constraints have to be imposed in order to select some 
classes of solutions in general relativity from certain ones constructed by 
applying the canonical d-connection (one has to solve some systems of first 
order partial differential equations, or, for certain classes of solutions, the 
constraints (j3T?j) reduce to a system of algebraic equations). 



3 Gravitational Algebroid Configurations 

We introduce a class of generic off-diagonal metrics (depending on 3, or 4, 
variables) for which the vacuum Einstein equations with generalizations to a 
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certain type of string and matter field corrections are completely integrable. 
There stated certain parametrizations when such exact solutions define Lie 
algebroid configurations. 

3.1 The 5D and 4D ansatz 

We consider a five dimensional (5D) Einstein-Cartan spacetime V provided 
with a N-connection structure N = [Nf(u a ), Nf(u a )} where the local coordi- 
nates are labeled u a = (x\ u A = v, u 5 ), for i — 1, 2, 3. Let us formulate some 
general conditions when a class of exact solutions of the field equations of 
the bosonic string gravity ()25|) and (|26J) depending on holonomic variables x % 
and on one anholonomic (equivalently, anisotropic) variable u A = v can be 
constructed in explicit form. Every coordinate from a set u a may be time 
like, a 3D space one, or extra dimensional. The partial derivatives will be 
denoted in the form a x = da/dx l ,a' = da/dx 2 ,a' = da/dx 3 ,a* = da/dv. 
We consider a class of metrics 

g M = u 2 {x\ v)g a/3 (x\ v) du a ® du 13 , (31) 

with the coefficients g a p parametrized by the ansatz 

.91 + W11/14 + n^h 5 Wi 2 fi4 + ninths Wi S h 4 + n 1 n 3 h 5 

Wi\h 4 + n 2 n 1 h 5 g 2 + w 22 h/ L + n 2 2 h 5 w 23 h 4 + n 2 n 3 h 5 

w 3 \h 4 + w 32 fi4 + n 3 n 2 h 5 g 3 + w 33 h 4 + n 3 2 h 5 

(wi+d)h 4 {w 2 + C, 2 )hi (w 3 + ( 3 )h 4 

nih 5 n 2 h 5 n 3 h 5 

for Wij = WiWj + a conformal factor 

uo 2 (x\ v) = u 2 (x 2 , x 3 )r]o(x\ v), r) > 0, (33) 

and functions 

9i = g 4 (x fc )^(x fe ), (34) 

for qi = e = ±l,rii = l,gj = qj(x k )r]j(x k ); 
h a = q a {x k )r] a (x\v). 

The ^-coefficients (jSJ) and Q are parametrized in the form Nf = Wi(x l ,v) 
and Nf = rii(x k ,v) for the indices running the values k,j,... = 1,2,3; 
k,j,... = 2,3 and a, b,.. = 4,5. Such 5D metrics possess also a second or- 
der anisotropy [3J Ej when the iV-coefficients on the second 'shell' (with 
four holonomic, (x l , u 5 ), and one anholonomic, w 4 , coordinates) are stated by 
nontrivial = Q(x\v) and, for simplicity, (5 = (the indices with 'hat' 



(wi + (i)h 4 n\h^ 
(w 2 + C2V14 n 2 h 5 
(w 3 + (3)^4 n 3 h 5 
h 4 
h 5 

(32) 
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take values like i = 1,2,3,5). One shall be considered metrics with smooth 
limits r/ , rj a — > 1 which do not change the signature. We suppose, that such 
limits result into certain well known exact solutions of the Einstein equations 
(for instance, into the Schwarzschild metric and/or its imbedding into higher 
dimensional spacetimes). 

The metric ()31|) defined by the ansatz ()32|) can be represented equivalently 
in the form (fT7|) . 



e (dx 1 ) 2 + g 2 (dx 2 )' z + g 3 (dx'f + h A (e 4 )" + h 5 (e 5 ) 



„2\2 



3\ 2 



A\ 2 



,5\2 



where 



du 4 + Widx 1 and e 5 = du 5 + riidx 1 . 



(35) 



The nontrivial components of the 5D Einstein equations defined by the 
Ricci d-tensor (|2^j) . = (Rij,R ia , R ai ,S a b), for the d-metric (fTTj) and 
corresponding canonical d-connection T J af3 (|21|) are stated by the formulas, 
see details on a similar calculus in the Appendix to Ref. [3], 



R\ 



where 



R\ 



29293 



1 \a» _ 9 ' 9 ' _ ^") 2 -L- n" 

[93 o „ o „ ' 92 



(36) 



292 2g 3 



92% _ (02) 2 1 
2^3 2^ 2 J 



-T 4 (x 2 ,a; 3 ), 



q5 
°5 



2/14/15 
J? 

'2/i, 2/i= 



h** 



h\ ( In yj\hjis 



-T 2 (x 2 ,x 3 ,v). 



2h d 



K* + 7 <]=o, 



(37) 
(38) 
(39) 



on = dih* 5 - h\di In VMsl, /? = /C - ^[ ln VMsl]' 
7 = 3ht/2h 5 -h*Jh A , 



(40) 



for /i| 7^ 0, /i| 7^ (the cases with vanishing /i| or /i| should be analyzed 
additionally) if there are satisfied the conditions 



<5,-/i4 = and SjLJ = 



(41) 



for Si = di — (wi + Q) 84 + riids when the values = (Q, (5 = 0) are to be 
defined for the solutions of (jJTJ). 

Both conditions (|41|) are satisfied, for instance, if 



UJ 



Vl/P2 



hi (pi and p 2 are integers) 



(42) 
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and d is the solution of the equations 



diuj - (wi + Qui* = 0. 



(43) 



Here we note that there are different possibilities to solve the conditions 
(jUJ. For instance, if u — LO\ uj 2 , we can consider that h 4 = <d\ l ' p ' 2 u^ 3 ^ 4 for 
some integers pi,p 2 ,P3 and p±. 

The Einstein equations (|28jl for the ansatz (J32|) are compatible for non- 
vanishing sources and if and only if the nontrivial components of the source, 
with respect to the frames (JHJ) and ©, are any functions of type 



f 2 = f 3 = T 2 (x 2 ,x 3 ,v), Tj = f 5 5 = T 4 (x 2 ,x 3 ) and f { = T 2 + T 4 . (44) 



This follows from the fact that the nontrivial components of the Einstein 



G\ = -{R\ + B*), G\ = G\ = -R\{x\ x 3 , u), G\ = G\ = -R 2 2 (x 2 , x 3 ). 



Parametrizations of sources in the form (|44|) can be satisfied for quite 
general distributions of matter, torsion and dilatonic fields (see Refs. (HEIIZI 
for an analyzes of such configurations; in this paper, we shall consider that 
there are given certain values T 2 and T4 which vanish in the vacuum cases). 

There are proofs j3 IH E], see also the Appendix, that the system of 
gravitational field equations (|2~5j) (equivalently, (JHJ) for the ansatz (|32~)l and 
nontrivial components of the Ricci d-tensor (|23p can be solved in general 
form if there are given certain values of functions g 2 {x 2 ,x 3 ) (or, inversely, 
g3(x 2 ,x 3 )), h^(x\v) (or, inversely, h${x % ,v)) and of sources T 2 (x 2 ,x 3 ,v) and 



Let us denote the local coordinates u a = (x\u a ) with x l = (x l ,x % 



x % = (x 2 ,x 3 ) , u a = (u 4: = v,u 5 ) and consider arbitrary signatures e a = 
(e 1; e 2 , e 3 , e 4 , e 5 ) (where e a = ±1). Summarizing the results outlined in the 
Appendix, for the nondegenerated cases (when h\ 7^ and h\ 7^ and, for 
simplicity, for a trivial conformal factor u), we formulate an explicit result 
for 5D exact solutions of the system (|HBJ)-(jHnj) and (jIHJ): 
Any off-diagonal metric 



d-tensor G a satisfy the conditions 



T 4 (x 2 , x 3 ). 





(45) 
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with the coefficients being of necessary smooth class, where is a 

solution of the 2D equation (jHEJ) for a given source T 4 ( x % 



9r (x\v) = q (x\v) = 1 - ^h 2 (x l ) / T 2 (x % ,v)[f 2 (x\v)} 2 dv (46) 



and the N-connection coefficients Nf = Wi(x k , v) and Nf = rii(x k 

4 (* fc , 



V 



^ = -^£4 (47) 



and 



If* (x i v)] 2 

hi = n m (V) + n m (V) I Nl2 «7r (x\ rfw, (4S 

[/(x%w)J 



define an exact solution of the system of Einstein equations ()H6j) - (p?H|) for ar- 
bitrary nontrivial functions / (x\v) (with /* ^ 0), h^x 1 ), ? 4 [ ] {x l ) , n^ij (x l ) 

and nfc[2] (x l ) , and sources T 2 (x^,f), T 4 and any integration constants 

and signatures e a = ±1 which have to be defined by certain boundary con- 
ditions and physical considerations. 

Any metric (J43j) with h\ ^ and ^ has the property to be generated 
by a function of four variables / (x l , v) with emphasized dependence on the 
anisotropic coordinate v, because /* = d v f ^ and by arbitrary sources 
T2(x k , v), Y 4 (%j . The rest of arbitrary functions not depending on v have 

been obtained in result of integration of partial differential equations. This 
fix a specific class of metrics generated by the relation (jHH|) and the first 
formula in (|72|) . We can generate also a different class of solutions with 
h\ = by considering the second formula in (|67|) and respective formulas in 
(JZ2J). The "degenerated" cases with hi = but h* b ^ and inversely, h\ ^ 
but h\ = are more special and request a proper explicit construction of 
solutions. Nevertheless, such type of solutions are also generic off-diagonal 
and they could be of substantial interest. 

The sourceless case with vanishing T 2 and T 4 is defined by the statement: 
Any off-diagonal metric ()45|) with q~c = 1 ; ^(x 1 ) = = const, Wi = and 
computed as in (|4~%|) but for er = 1, defines a vacuum solution of 5D Einstein 
equations for the canonical d-connection (|21j) . By imposing additional con- 
straints on arbitrary functions from Nf = and Nf = Wi, in order to satisfy 
the conditions (|30|). we can select just those off-diagonal gravitational config- 
urations when the Levi-Civita connection and the canonical d-connections 
are related to the same class of solutions of the vacuum Einstein equations, 
see details in Ref. jlj. 
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Finally, one should be noted that we can reduce the constructions to 
a 4D manifold provided with local coordinates (x 2 , x 3 , u 4 , u 5 ) if we exclude 
dependencies on x 1 and do not consider terms with indices taking values 
2 = 1. This way, one can be generated exact 4D exact solutions: for certain 
parametrizations one get metrics with Lie N-algebroid symmetries. 

3.2 Gravitational Lie algebroid configurations 

Let us analyze the conditions when a subclass of d-metrics of type (|17jl (for 
5D, a subclass of metrics of type (JS3J) models a Lie algebroid provided with 
N-connection structure. We write 

g = g al3 (u) e Q <g> e p = g ij (u) a <g> + h ab (u) v b ® v b , 

where v a = e a -(x,u) d/du- satisfy the Lie N-algebroid conditions v a v b — 
V{,v a = C^ b (x,u)vd of type (JTlj) with e« being of type (JHJ). Using the anchor 
map (fT3j) with 

& (u) = e\(u)e a ?(u) (49) 

defined in the form (fTTJ) by some matrices of type (jOJ and (jZJ, we can write 
the canonical relation 

^ (u) = (u) & (u) % (u) . (50) 
As a result, the h-component of the d-metric can be represented 

g^{n)e i ®e j = h a ' b ' (u) e\_ (u) e a f(x)pi(x)e^_ (u) e 6 ^)pf(x)e, ® e, 
= ^(u)A(x)4(x)A®^, 

where fr a ,(x) = ejr(x)p^(x). We conclude that a metric (fPTj) admits a Lie 

algebroid type structure with the structure functions p^(x) and C^ b (x) if and 
only if the contravariant h-component of the corresponding d-metric, with 
respect to the local coordinate basis, can be parametrized in the form 

^(u) = /i^(u) £,(*),£(*). (51) 

The anchor fr a ,(x) may be treated as a vielbein transform depending on x— 
coordinates lifting the horizontal components of the contravariant metric on 
the v-subspace. The Lie type structure functions C^ b (x,u) define certain 
anholonomy relations for the basis v a . On a general Lie N-algebroids we 
shall consider any set of coefficients p a , (u) and Cf b (x,u) not obligatory 
subjected to the data (JH2J). 
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Let us analyze an example of more general conditions when a metric (jST} 
(equivalently, a d-metric defines a class of anchor maps (joTlj) . On N- 

anholonomic manifolds, it is more convenient to work with the N-adapted 
relations (|5()jl than with 1)5 lj) . For effectively diagonal d-metrics, such anchor 
map conditions must be satisfied both for t] a = 1 and nontrivial values of rj a , 
i. e. 



<f = h*(ft) a + h*(%)\ (52) 



where g % = l/gi,h a = l/h a ,r] a = 1/ i] a and q a = l/q a . The real solutions of 
1(55)1 are 

(#) 2 = gV& ( p* 5 ) 2 = -g^l, (53) 



where 



r/i = 1, for any parametrization with a set of values of q a and rj a for 
which ( pjj 2 > 0. We note that the conformal factor lu 2 is not related to such 
equations and their solutions which mean that the gravitational "boldfaced" 
anchor structures are conformally invariant, for such classes of metrics. The 
nontrivial anchor coefficients can be related to a general solution of type (|45j) . 
(JUJ) and (gHI) by formulas 

9i = e l} e % g % {x') = qp^, e 4 h 2 [f*} 2 \( r \ = q^e^f 2 = q 5 rj 5 

with the functions stated in explicit form by considering nonholonomic de- 
formations of some already known solutions. 

The final step in constructing such classes of metrics is to define C^ b (x, u) 
from the algebraic relations defined by the first equation in (|15j) with given 
values for p^, see and defined N-elongated operators e^. In result, the 
second equation in (|T5j) will be satisfied as a consequence of the first one. This 
restrict the classes of possible v-frames, Vb = e b -(x,u)d/du-, where e b ~(x,u) 
have to satisfy the algebraic relations (JUJ). We conclude, that the Lie N- 
algebroid structure impose certain algebraic constraints on the coefficients 
of vielbein transforms. Such spacetimes are with preferred frame structure 
which can be taken into account by explicit constructions with respect to 
N-adapted frames and distinguishing the anchor and Lie type C^ b (x,u) 
structures functions. 
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4 Gravitational Solitonic Schwarzschild Al- 
gebroids 

We construct in explicit form two classes of solutions of the gravitational field 
equations ()36 |) -()39 |) and (JIT]) with nontrivial Lie algebroid and N-connection 
structure describing generalizations of the 4D Schwarzschild metric to generic 
off-diagonal 5D and 4D ansatz with nontrivial 3D gravitational solitonic 
backgrounds. For simplicity, we study here d-metrics with trivial conformal 
factors u = 1 (see Appendix IE1 for similar two solutions with u ^ 1). 

As the starting point for our considerations, we consider the 5D metric 



with extra dimension coordinate % defining a trivial extension of the Schwarz- 
schild spacetime for 



with dp = d£/£, where £ = (/( g is related with the usual radial coordinate 
by formula r = ( (1 + r g /4() 2 , for ( g = r g /A with r g = 2G[ 4 ]m /c 2 being the 
4D Schwarzschild radius of a point particle of mass mo; G[4] = is 
the 4D Newton constant expressed via the Planck mass Mpw (in general, we 
may consider that Mpw may be an effective 4D mass scale which arises from 
a more fundamental scale of the full, higher dimensional spacetime); we set 
c = 1. The 4D part of ()54j) expressed in terms of functions on £ is just the 
Schwarzschild solution in isotropic spherical coordinates [20\. 

The diagonal metric (p>f)) defines a vacuum solution of the Einstein equa- 
tions for the Levi-Civita connection. A such solution is with Killing sym- 
metry and asymptotically flat. By N-anholonomic frame transforms © and 
(|7j) of this metric, we shall generate new classes of exact solutions describing 
Lie N-algebroid configurations with a nontrivial solitonic background. 

4.1 Stationary off- diagonal solutions 

Let us firstly analyze in details how we can generate a stationary solution 
(with the coefficients not depending on the time like variable u 5 = t) by 
deforming nonholonomically the metric (jo^j) to a generic off-diagonal metric 
()32|) (equivalently, to a d-metric, ()35J0 with trivial conformal factor uo 2 = 1 



ds 2 = ed X 2 - a 2 {p) {dp 2 + dd 2 + sin 2 6d<p 2 ) + b 2 (p) dt 2 



(54) 




(55) 
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for a set of local coordinates (x a = (x,p, 0), u a = (v = <p, t). We write 

<?i = e -»• gi = e, (56) 

<?2 = -a 2 b) -> 02 = 92b) »fc(p, Q3 = ~a 2 (p) ^93 = qa(p) f/s(p, 0), 

g 4 = -a 2 (p) sin 2 -> /i 4 = g 4 (p, 0)r? 4 (p, 0, 

g 5 = fe 2 (p) _> /i 5 = q 5 (p)rj 5 (p, 0, <p), 

where the non-deformed values are stated by the coefficients (j55j) and the 
"polarization" functions 772,3 (p,0) have to be found as a solution of type 
(JMJ), (|B3|1. or ([BHjl. depending explicitly of the type of source T 4 (p, 0) and 
vacuum boundary conditions, and the "polarization" functions 77 4)5 (p, 0, </>) 
are solutions of the equations (|58|) , or (|57jl , and (jp^j) , in their turn depending 
on the type of source T 2 (p, 0, ip) and vacuum boundary conditions. This class 
of solutions can be represented in the form (|%HJ) 

5s 2 = e(d X ) 2 -a 2 (p) m (p,9)(dp) 2 -a 2 (p) m (p,9)(d9) 2 (57) 
-h 2 (p, 9) Lf (p, 0, v)} 2 k T (p, 0, <p) I (ty) a + / 2 (p, 0, (5t) 2 , 

for 



5y2 = ^ + wi (x,P,9,Lp)dx + w 2 (x,P,9,(p)dp + w 3 (x,P, 8,<p)d0, 
St = dt + n 1 (x,p,9,(p)dx + n 2 (x,P,9,(p)dp + n 3 (x,p,9,(p)d9, 

where we parametrize 

f 2 (p, 9, <p) = b 2 {p) V ,{p, 9, <p), h 2 (p, 9) = a 2 (p)/b 2 (p) 

and 

h 2 (p, 9) if* (p, 9, V )f |9r (p, )¥ >)| = « 2 (p) sin 2 7? 4 (p, 0, ¥>) 

with the N-connection coefficients Wk and computed respectively by the 
integrals flUj) and fljED - 

If we choose the integration functions to be of sooth class related to cer- 
tain distributions of matter, the d-metric (JSTj) has the diagonal coefficients 
very similar to those for the Schwarzschild metric (J51j) with the coefficients 
a 2 (p) and b 2 (p) multiplied respectively on certain polarization ^-functions 
but (roughly speaking) embedded into a 5D background of string gravity with 
nontrivial torsion and nonholonomic deformation to a preferred frame struc- 
ture with associated N-connection. We analyze here an interesting physical 
case of non-perturbative gravitational background defined by f 2 (p, 0, ip) , re- 
sulting in a static locally anisotropic polarization ^5 = f 2 /b 2 (p), related to 
a soliton solution of the Kadomtsev-Petviashvili (KdP) equation or (2+1) 



21 



sine-Gordon (SG) equation (Refs. 122 IHj contain original results, basic 
references and methods for handling such non-linear equations with solitonic 
solutions). In the KdP case, the function r] 5 (p, 9, p>) satisfies the equation 

€ + e (M ~ 6W5 + €)' = 0, e = ±1, (58) 
while in the most general SG case r] 5 (p, 8, p) satisfies 

±VT TmT %' = sin(^ 5 )- (59) 

For simplicity, we can also consider less general versions of the SG equation 
where 775 depends on only one (e.g. (p and x\) variable. We use the notation 
V5 = V5 tn or V5 = n i tn with "stn = KP", or = SG, depending if 775 satisfies 
equation (J5SJ), or (|5T?|) respectively. 

For a stated solitonic form for h 5 = h s 5 tn = b 2 (p)r]^ tn , with b 2 (p) taken as 
for the Schwarzschild metric, /14 can be computed 



vWl^Ml)] 2 (60) 



/14 — h s ^ n — h^Q 

where h\o\ is a constant (see formula (|55jl in the Appendix). This allows 
to define r]l tn (p,9,p) and f stn (p,9,p), which (by using the /-function) re- 
sult in off-diagonal terms w s k tn (x-,P, 0, p) PTj) an d n k n (x,P, @, V 9 ) P^jl - The 
3D solitonic character of such N-connection coefficients can be substantially 
modified by presence of the source T 2 (p,0,p). If T 2 — > 0, one has ^ — ► 1 
and we can put w k n — > but n s k tn would preserve solitonic contributions. 
The mentioned 3D solitonic background posses a specific nontrivial tor- 
sion related both to the 5-field in string gravity with cosmological constant 
approximations (f2*T|) and d-torsions of the canonical d-connection. We 
can compute such values by associated to the coefficients of (|57|) for any type 
of solitonic (KdP or SG) background. At the first step one defines the coeffi- 
cients of the canonical d-connection stn Tp y (|2*T|) then of stn T^ which allows 

to compute the deformations stn Z and, at the second step, we find 

the N-anholonomically deformed string torsion 



stnTj \ \ 0/-J1 _ |_ stn 



v\p = A[H] y I ga/3\£v\p - £ v\p 

for a stated value of Arm. This way, by using the solitonic coefficients of the 
d-metric ({37}) and mentioned procedure of computation of sin H I/Ap we gen- 
erate a class of exact solutions of the field equations of the bosonic string 
gravity ()25j) and (|27)|) defined by N-anholonomic maps to 3D soliton back- 
grounds. As a matter of principle, we can restrict the polarizations rj a and 
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the integration functions of type hl(x l ), ^pi (x % ) , n^q (x l ) and rim] to 
the form satisfying the conditions ()3U|) which in 4D selects just the Einstein 
type metrics (vacuum ones or with certain effective matter modifications). 
Some new examples and discussion of the former obtained solutions satisfying 
such constraints are given in Ref. [3]. Here we emphasize that the consid- 
ered method of N-anholonomic transforms is a powerful one which states a 
geometric procedure of constructing general classes of solutions with generic 
off-diagonal metrics, torsions and nonholonomic frames. 

We developed our procedure of constructing new solutions in gravity by 
starting from the Schwarzschild metric which is asymptotically flat and posses 
Killing symmetry. The resulting N-anholonomically deformed metrics do not 
have, in general, such properties. As a matter of principle, we can chose the 
mentioned set of polarization functions to tend asymptotically (for a certain 
effective radial coordinate r — > oo) to the Minkowski 4D metric trivially 
embedded into 5D, very similarly to the Schwarzschild case. Nevertheless, 
even in a such case, our solutions will have a very different symmetry prop- 
erties at least in a finite region of the 5D (or 4D) spacetime. In this paper, 
we investigate the conditions when such N-anholonomic spacetimes may be 
characterized by Lie algebroid configurations. The nontrivial anchor coef- 
ficients (JHHj) are easy to be computed for such configurations by using the 
data (JKH)) and any solitonic solution: 



(p\) 2 = -ea 2 (p) sin 2 9 H\, ( p 2 ) 2 = sin 2 6 # 2 , ( pi) 2 = sin 2 6 H, 

( _ ^2/ N rrl ( _ g(g) R 2 ( ^2 _ & 2 (p) rj3 



3 

5 J 



l _ v stnfo ^ (p)/rji(p, 6) 



where 

for f]i(p,6) = I; a = 3,4 and i = 1,2,3. Such anchor coefficients can be 
zero, when b 2 (p) = and for certain polarizations one could be ( p^) 2 < 
in some spacetime regions. We have to exclude such regions for the real 
valued solutions, or to redefine the type of anchor maps in order to obtain 
to generate only real metrics and connections. A Lie algebroid configura- 
tion is completely established after fixing a frame of reference (in general, 
nonholonomic) in the v-subspace, defining the values C£ c (p,9), see (fT4^ ). 

Finally, in this section, we address this important physical question: The 
Schwarzschild solution defines a 4D black hole. Should the N-anholonomic 
deformations define similar objects? In general, the black hole character 
of the solutions is not preserved under such transforms (not preserving the 
spherical Killing symmetry). The singularities of any exact solution can be 
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investigated by an explicit computation of the components of the Riemann 
d-tensors (}2~2~j) with a corresponding anchoring of formulas. We omit such 
cumbersome formulas and their analysis in this paper. Nevertheless, it is 
almost obvious that there is a subclass of N-anholonomic and/or solitonic 
transforms preserving the type of certain black hole configurations (even the 
solutions are deformed to generic off-diagonal configurations). This follows 
from the fact that in the vicinity of the black hole singularity we can define 
some infinitesimal nonholonomic maps with smooth coefficients which pre- 
serve all singular properties of the curvature but induce certain additional 
smooth off-diagonal corrections and the same structure of the metric coeffi- 
cients but defined with respect to N-adapted frames. This way we defined 
the so-called black ellipsoid solutions i5]. For some special cases (see details 
in Refs. [3]), one can select certain black hole configurations on nontrivial 
backgrounds, in our case, of stationary solitonic character. 



4.2 Time— depending solitonic backgrounds 

We also deform nonholonomically the metric (JHIJ) to a generic off-diagonal 
metric ()32|) (equivalently, to a d-metric, (|35j)) with trivial conformal factor 
oj 2 = 1 but for a set of local coordinates x a = (x,P, 0) and u a = (v = t, tp) 
when 



qi = e -> 9i = e, 

q 2 = ~a 2 (p) -> g 2 = q 2 (p) r] 2 (p, 9), q 3 = ~a 2 (p) -> g 3 = q 3 (p) rj 3 (p, 6), 

g 4 = b 2 (p) -> hi = q5(p)vi(p, °i t), 

<?5 = ~a 2 {p) sin 2 9 ^ h 5 = q 5 (p, 9)r] 5 (p, 9, t). 

These data are different from (|56|) by emphasizing the "anisotropic" depen- 
dence on the time coordinate t instead of the angular one, as it was on ip for 
the previous solution. In this case, the "polarization" functions r]^(p,9,t) 
are solutions of the equations (fHHjl. or (|B7j). and (ffiH|) . in their turn depending 
on the type of a variable in time source T 2 (p,9,t) and vacuum boundary 
conditions. This is another class of d-metrics (|45|). 

5s 2 = eidxY-cfip^p^^dpf-cfip)^^)^) 2 (61) 
+h 2 (p, 9) [f* (p, 9, t)f | ft (p, 9, t) | (5tf - f (p, 9, t) {5pf , 



for 



St = dt + w 1 (x,P,9,t)dx + w 2 (x,P,9,t)dp + w 3 (x,p,9,t)d9, 
Sep = dp + n 1 (x,p,9,t)dx + n 2 (x,P,9,t)dp + n 3 (x,P,9,t)d9, 
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where we parametrize 



f (p,9,t) = b 2 (p)7 ]5 (p,9,t),h 2 (p,9) = b 2 (p)/a 2 (p) sin 2 8 

and 

h 2 ( P , e) [f (p, e, t)f \ qy (p, 0, t) | = b 2 ( P ) m (p, 9, t) 

with the N-connection coefficients Wk and rik computed respectively by the 
integrals (JIZJ) and (|IBJ). 

The solitonic background of the d-metric is given by 

h 5 = hf n = -a 2 {p) sin 2 9 r] s 5 tn 

and 



/14 — h s ^ n — hh 



V\K tn (p^,t)\ 



defined by the 3D solitonic equation (|58|). or (jSUjl. for the new set of coor- 
dinates, when ft,[ ] = const, see formula in the Appendix. This allows 
to define nf n (p, 9, t) and f stn (p, 9, t), which (by using the /-function) result 
in off-diagonal terms (i. e. in N-connection coefficients) w^ n (x,p,9,t) (|37J) 
and n s k tn ( X ,p,9,t) @g). 

This class of metrics is characterized by dynamical anchor maps, 

( - *(p) hi ( p-) 2 = -m. Hl ( ^ = JM. hi, 

( g) 2 = - £ a 2 (p) AnHHl ( p?) 2 = sin 2 9 flf, ( p») 2 = s in 2 9 i/f, 
where 

for T]i(p, 6) — 1; a — 3, 4 and i — 1,2, 3. We have to exclude some spacetime 
regions from consideration (where the solutions became complex valued) or 
to redefine the type of anchor maps in order to generate only real valued 
metrics. A dynamical Lie algebroid configuration is completely established 
after fixing a frame of reference (in general, nonholonomic) in the v-subspace, 
defining the values C£ c (p, 9), see (JHJ), in a form compatible with (|T5j) . 

The constructed in this section exact solutions, in general form, depend 
on certain type functions on variables x % obtained from the procedure of in- 
tegrating systems of partial equations. In the particular case of Schwarschild 
solution, the result of such integration were certain constants which are de- 
fined from the boundary conditions like the asymptotic limit to the Newton 
potential for the gravitational field, with Killing spherical symmetry, and 
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asyptotically Minkowski spacetime. A such result with integration constants 
is possible for the corresponding diagonal ansatz for metric reducing the 
vacuum Einstein equations to an effective nonlinear second order partial dif- 
ferential equation. 

The generic off-diagonal ansatz considered in paper results in systems of 
nonlinear partial differential equations. We proved that by corresponding ge- 
ometric methods such equations can be solved in a quite general form which 
depends not only on arbitrary constants but also on certain classes of func- 
tions depending on one, two,three and four variables (for 5D configurations). 
Roughly speaking, this means that we can extend the Schwarschild solution 
to a very general background which can be constrained in various forms in 
order to describe different type of nonlinear interactions, for instance, 3D 
solitons, or certain nonholonomic Lie algebroid configurations. Neverthe- 
less, even in such cases, the solutions depends on some functions on x l . This 
is characteristic for various classes of solutions of the systems of nonlinear 
equations. For instance, in Refs. jHJ [T3], there are investigated the con- 
ditions when a "resonable" theory of gravity is defined from a 2D Poisson 
setting and related Lie algebroids. In this work, we considered the problem 
of selecting "reasonable" off-diagonal spacetime possessing Lie N-algebroid 
symmetries. Such metrics still depend on some classes of functions (we call 
them gravitational polarizations). One can fix an explicit system of reference 
and choose the Lie algebroid structure functions to have a limit to certain Lie 
type structure constants, following some physical prescriptions on symmetry 
and boundary conditions, i. e. a particular exact solution distinguished from 
a set of general ones. The priority of the method developed in this work is 
that the gravitational algebroids can be defined as certain general nonlinear 
configurations but not only as particular ones with integration constants. 

For some very special classes of functions T] a , W{ and n,, the d-metric 
()61|) may define certain black hole like configurations with polarized and 
variable in time constants if we constrain the configurations to mimic the 
Schwarzschild metric embedded into solitonically perturbed 5D spacetime. 
But, in general, such solutions do not possess a black hole character and 
describe a nonlinear gravitational solitonic dynamics related to a Lie N- 
algebroid configuration. In the Appendix IB1 there are analyzed two classes of 
d-metrics with nontrivial conformal factor uj. 

5 Conclusions and Discussion 

In this paper, we have examined a new class of 5D metric ansatz defining 
exact solutions in string gravity and possessing nontrivial 4D vacuum and 
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nonvacuum limits to the Einstein gravity. Such models define spacetimes 
characterized by Lie algebroid symmetries and prescribed vielbein structures 
with associated nonlinear connections. While our analyzis has mainly focused 
on the properties of nonholonomic deformations of the Schwarazschild met- 
ric to generic off-diagonal solutions with 3D solitonic configurations, much of 
the constructions hold true for more general background metrics and symme- 
tries. We parametrized such solutions in general form possessing an explicit 
dependence on arbitrary integration functions (on 1,2, or 3 variables) and 
constants. We computed the nontrivial coefficients of the nonlinear con- 
nections and anchor maps defining nonholonomic Lie algebroid structures. 
Stating the systems of reference and the boundary conditions, we can define 
in explicit form the polarization of constants and metric coefficients induced 
by extra dimensional and/or generic off-diagonal solitonic gravitational in- 
teractions and nonholonomic constraints. 

The bulk of astrophysical and cosmological applications of exact solu- 
tions are related to spherically symmetric and asymptotically Minkowski 
spacetimes. Such constructions are technically more easy to be handled and 
generalized to extra dimensions and/or quantum gravity. In another turn, 
nonlinear gravitational and matter field configurations and interactions, with 
string/brane corrections depending on 2-4 variables and with generalized 
(non-Killing) symmetries are very important for elaboration new types of 
models with non-perturbative vacuum in modern high energy physics and 
gravity. In this work we emphasized possible 3D solitonic deformations of 
the Schwarzschild solutions in the presence of extra dimensions, off-diagonal/ 
nonholonomic interactions and bosonic string corrections. 

One should worry that arbitrary nonholonomic deformations to certain 
Lie algebroid spacetimes will not preserve the former black hole character of 
the solution. Nevertheless, it is always possible to define a smooth subclass 
of such solitonic deformations which preserve the singular structure of the 
curvature tensor but 'slightly' modify the horizons, polarize the constants 
and move the black hole solutions on the extra dimension and/or time like 
coordinates. 

The mentioned approach requests a more sophisticate geometric tech- 
niques and methods. The geometry of nonlinear connections and moving 
frames have in this case a new realization in terms of Lie algebroid struc- 
tures related to the symmetries of gravitational field equations. This suggests 
new directions of investigation both in Lie algebroid mathematics and the 
geometry of classical and quantum fields. 

We briefly comment and compare our results with the previous applica- 
tions of algebroid methods in mechanics and classical field theory jlOt ITU 
H21 EH], and in string, gravity and gauge theories [HI HE]. It should 
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be emphasized that our gravitational algebroid constructions are derived as 
exact solutions from string and Einstein gravity being elaborated for non- 
holonomic manifolds [3 EJ E| • They are quite different from the usual Lie 
algebroids defined for vector or (co) tangent bundles with trivial (vanishing) 
nonlinear connection structure [Oj. The first applications of Lie algebroids 
to mechanics and jet extensions of Lie algebroids for classical fields were 
performed by using the fiber bundle formalism and geometrization of the 
Euler-Lagrange equations (for instance, in terms of Poincare-Cartan forms, 
or Ehressman connections). In our investigations, we emphasized that any 
Lagrangian/Hamiltonian configuration results in canonical nonlinear connec- 
tion and adapted metric and linear connection structures which transform 
the Lie algebroid constructions to be nonholonomic ones. In this paper, and 
in Refs. |17[ ITS] , we gave certain explicit examples when the commutative 
and noncommutative geometric configurations and almost sympletic and al- 
gebroid structures can be derived as exact solutions in gravity. This presents 
additional arguments and a knew understanding of algebroid geometry and 
certain applications for constructing new kinds of gauge theories by replac- 
ing Lie algebras by Lie or Courant algebroids and searching for a reasonable 
theory of gravity. 

The final conclusion of this paper is that one could be constructed cer- 
tain Lie algebroid models of spacetimes defined as exact solutions in gravity 
but such generic off-diagonal gravitational configurations are generated as 
nonholonomic manifolds, i. e. as spacetimes provided with nonintegrable 
distributions possessing new types of symmetries and nonlinear connection 
structure. To investigate the geometric and physical properties of such vac- 
uum and nonvacuum gravitational algebroid spacetimes is one of the aims of 
our further researches. 

Acknowledgement: The work is supported by a sabbatical fellowship 
of the Ministry of Education and Research of Spain. 

A N— anholonomic Deformations and Exact 
Solutions 

In a series of papers, see pO E] and presented there references, we elaborated 
the anholonomic frame method of constructing exact solutions with generic 
off-diagonal metrics (depending on 2-4 variables) in general relativity, gauge 
gravity and certain extra dimension generalizations. In this Appendix, we 
outline the results which are necessary for constructing exact solutions char- 
acterized by Lie algebroid symmetries and nontrivial nonlinear connection 



28 



(N-connection) structure. 

We sketch five steps of generating solutions of the system of second or- 
der nonlinear partial differential equations (|36jl — (|39)l and (jH)) for given cer- 
tain values of functions g 2 (x 2 ,x 3 ) (or, inversely, g 3 (x 2 ,x 3 )), h±(x l ,v) (or, 
inversely, h 5 (x\t>)), u(x\v) and of sources Y 2 (x 2 ,x 3 ,t>) and Y 4 (x 2 ,x 3 ) : 

1. The general solution of equation (|36|) may be represented in the form 

V3 = g[ ] exp[a 2 x 2 (x 2 , x 3 ) + a 3 x 3 (x 2 , x 3 )}, (62) 

were g[o],a 2 and 03 are some constants and the functions x 2,3 (x 2 ,x 3 ) 
define any coordinate transforms x 2,3 — > x 2,3 for which the 2D line 
element becomes conformally flat, i. e. 

g 2 (x 2 ,x 3 )(dx 2 ) 2 + g 3 (x 2 ,x 3 )(dx 3 ) 2 -> ro(x 2 ,x 3 ) [(dx 2 ) 2 + t(dx 3 ) 2 ] , 

(63) 

where e = ±1 for a corresponding signature. For the coordinates x 2 ' 3 , 
the equation (j3T?j) transform into 

w (zu + zu") — zu — zu' = 2cj7 2 T 4 (x 2 , x 3 ) 

or 

+ f = 2T 4 (x- 2 ,x 3 ), (64) 

for if) — In |-cc7 j . The form of solutions of (|6^|) depends on the source T 4 . 
As a particular case we can consider that T 4 = 0. We also can prescribe 
that g 2 = #3 and get the equation for ip = In \g 2 \ = In | (73 1 . If we 
select the case when g 2 = 0, for a given g 2 (x 2 ), we obtain from (j3T?j) 

^•-|^-^ = 2^ 3 T 4 (x 2 ,x 3 ) (65) 

which can be integrated explicitly for given values of T 4 . Similarly, we 
can generate solutions for a prescribed ^(x 3 ) in the equation 

^'-^-^ = 2^ 3 T 4 (x 2 ,x 3 ). (66) 
z 9s z 92 

We note that a transform ()63|) is always possible for 2D metrics and the 
explicit form of solutions depends on chosen system of 2D coordinates 
and on the signature e = ±1. In the simplest case with T 4 = the 
equation (f3T)j) is solved by arbitrary two functions g 2 (x 3 ) and ^(x 2 ). 
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2. For T 2 = 0, the equation (J37)l relates two functions h±{x l ,v) and 
h 5 (x l ,v) following two possibilities: 

a) to compute 

= h S [i] {x { ) + h m (V) J ^\h 4 (x\v) \dv, hi (x\v) ^ 0; 
= h 5[1] (x { ) + h m (x*) v, hi {x\ v) = 0, (67) 

for some functions ^5(1,2] {x l ) stated by boundary conditions; 

b) or, inversely, to compute h± for a given h$ (x\ v) , h\ ^ 0, 

= h [0] (x*) (y/lhs (x\v)\y, (68) 

with h[o] (x l ) given by boundary conditions. We note that the sourceless 
equation (J3T|) is satisfied by arbitrary pairs of coefficients h± (x\ v) and 
^5[o] ( x% ) ■ Solutions with Y 2 7^ can be generated by an ansatz of type 

h[T 2 ] = h 5 , /i 4 [T 2 ] = q (x\ v) h±, (69) 

where /14 and h 5 are related by formula (|B7j). or (jHEJ)- Substituting (jEHJ), 
we obtain 

ft {x\v) = , m (x 4 ) - f T 2 (x 2 ,x 3 ,v)^dv, (70) 

where Qp] (x l ) are arbitrary functions. We have to put Q[o] (x l ) = 1 in 
order to have compatibility with the sourceless case T 2 — > 0. 

3. The exact solutions of (J38|) for (3 7^ are defined from an algebraic 
equation, Wif3 + aj = 0, where the coefficients (3 and aij are computed 
as in formulas (|%nj) by using the solutions for ()36j1 and (|3*7jl . The general 
solution is 

Wfc = 3 fc Mv1W/l^l]/^MvlMd/l^l]> (7i) 

with = d/dv and ft| 7^ 0. If ft| = 0, or even lij ^ but (3 = 0, 
the coefficients u>fc could be arbitrary functions on (x*,f). For the 
vacuum Einstein equations this is a degenerated case imposing the the 
compatibility conditions (3 = on = 0, which are satisfied, for instance, 
if the h^ and h$ are related as in the formula but with hm (x % ) = 
const. 
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4. Having denned and h 5 and computed 7 from (J4*U|) we can solve the 
equation (JBTJj) by integrating on variable "t>" the equation n**+7n* = 0. 
The exact solution is 

n k = n k[1] (x 1 ) +n k[2] (x l ) J [h 4 / {^Mf]dv, h* 5 ^ 0; 

= 7ifc[i] (a: 1 ) + n fc [ 2 ] ^ M^, ^ = 0; (72) 

= n fc[1] (x l ) +n m (x { ) J [l/(vW) 3 ]du, /14 = 0, 

for some functions n^ri^j stated by boundary conditions. 

5. The exact solution of ()43|) is given by some arbitrary functions Q = 
Q (x l ,v) if both diUJ = and u* = 0, we chose Q — for u — const, 
and 

Q = -Wi + icu*)- 1 ^, wVO, (73) 
= (u*)~ 1 d i u}, oj* 7^ 0, for vacuum solutions. 



B Solitonic deformations with nontrivial con- 
formal factors 

We illustrate here that similar methods, applied in Section |U can be used for 
generating d-metrics of type (|33|) with nontrivial conformal factors oj. 

B.l Almost stationary metrics 

Let we consider how the Schwarzschild metric (|54jl can deformed nonholo- 
nomically to a d-metric, (|35|)) with nontrivial conformal factor oj 2 for a set of 
local coordinates (x a = (t,p,9), u a = (v = ip, x)- We consider deformations 
of type 

CL 2 (p) 

q± = 1 -»• g x = 1, q 2 = - J^y ~> 92 = qzip) m(p, 0), 

qs = -^^93 = q 3 (p)Vs(P,0), (74) 
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with nontrivial deformations of the conformal factor 



u 2 = b 2 (p) -> u 2 = rj (p, 9, <p)u%(p) 

where the non-deformed values are stated by the coefficients (JHHj) . The "po- 
larization" functions 772,3 (p,9) have to be found as a solution of type (jHlj) . 
(jSSj), or (jnnj), depending explicitly of the type of source T 4 (p, #) and vacuum 
boundary conditions. The "polarization" functions i]^ 5 (p,9,ip) are solutions 
of the equations (jSHJ), or (|S7|l. and (JOHJ), in their turn depending on the type 
of source T 2 (p, 9, <p) and vacuum boundary conditions. This class of solutions 
can be represented in the form (|45j) 

5 S 2 = ^(^^(p)^^ 

fcjj(p, 61) [T (P, ¥>)f kx (p, 0, <p) I (ty) 2 + e/ 2 (p, (9, (5 X ) 2 ], (75) 

for 

5ip = d(p + w 1 (t,p,9,(p)dt + w 2 (t,p,9,(p)dp + w 3 (t,p,9,(p)d9, 
Sx — dx + n 1 (t,p,9,(p)dt + n 2 (t,p,9,ip)dp + n 3 (t,p,9,ip)d9, 

where we parametrize 

f (p, 9, <p) = r 2 (p)ifc(p, 9, <p), h 2 (p, 9) = a 2 (p)) 

and 

h 2 (p, 9) [f (p, 9, V )} 2 k T (p, 9, <p) I = |JM sin 2 9 m (p, 9, <p) 

with the N-connection coefficients Wk and rik computed, respectively, as cer- 
tain integrals (|4T|) and (|4"8J). We call such spacetimes to be almost sta- 
tionary because the d-metric coefficients do not depend on time coordi- 
nate t but the N-connection coefficients and related nonholonomic frames 
of reference may posses a such dependence. For a stated solitonic form for 
hs = hf n = b~ 2 (p)r]ff n , with b 2 (p) taken as for the Schwarzschild metric, 
can be computed 



hi — hf n — hf i 



V\hf l (p,9^)\ 



where h[o] is a constant (see formula (|HHj) in the Appendix). 

We satisfy the conditions (j4*Tj) if we choose any conformal factor 



u = r, {p,9^)ul{p) = {K stn ) 



stn\P2/pi 
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for some integers p\ and p 2 and defining Q as solutions of the equations 

diU - {wi + d)uj* = 

for given solitonic values wf n and uj. 

The nontrivial anchor coefficients are defined by the values q a = l/q a and 
r\(i = \jrf \ stated by (ffij) . introduced in formulas (jo^j) for ( p^) 2 correspond- 
ing to H % a (p,9,tp). 



B.2 Metrics with explicit extra dimension polarization 

This type of deformations transforms the metric (j53| into a d-metric (f33J) 
via re-parametrizations 

a? (v) 

Qi = 1 -» 9i = 1, 92 = _ ^273 ~* # 2 = 92 (f) 

H " (y,) fc(p)»»(p,0), (76) 



93 = 




~> #3 


g 4 = 


e r 2 (p) 


— > /l 4 




a 2 (p) 


sin 2 # 


95 = 


b 2 (p) 



sin 6 ^h 5 = q 5 (p } 6)r] 5 (p } 9, X ), 

for the local coordinates x a = 9), u a = (v = x, <^)-Such data are stated 
for the "anisotropic" dependence on the extra dimension coordinate x with 
the "polarization" functions 774,5 (p, 9, t) being solutions of the equations (jfiHj) . 
or (J57j) . and (fB^jl. This class of d-metrics is written 

^ 2 = 0, X )^(p)[(^) 2 - ^)(rfp) 2 - ^)(^) 2 + 

eh 2 ( P} 9) [f (p, 9, x)f kr (p, 9, x) I (*x) a - f (p, 0, x) (M'l, 



for 



<$X = dx + w 1 (t,p,9,x)dt + w 2 (t,p,9,x)dp + w 3 (t,p,9,x)d9, 
5(p = dip + n x {t,p,9, x) dt + n 2 (t J p,9 J x) dp + n 3 (t,p, 9, x) d9, 



where we parametrize 

a?{p) 



f (P, 0, x) = -M sin 2 9 r) 5 (p, 9, X ), h 2 (p, 9) = r 2 (p) 



and 

h 2 {p, 9) [f (p, 9, x)f kr (p, 9, X )\ = b-\p) m {p, 9, X ) 
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with the N-connection coefficients Wk and computed respectively by the 
integrals (gZD and (gHJ). 

The solitonic background of the d-metric (JfiTj) is given by ^5 = hi 
— \b 2 {p) sin 2 8/a 2 (p)] r]f n and 



stn 

h 



/14 — h s £ n — h\ 



V\ht(p,Q,x)\ 



defined by the 3D solitonic equation (|58jl . or ()59j) . for the new set of coordi- 
nates, when /i[ ] = const. This allows to define 7/4*™ (p, 6 1 , x) and f stn (p, 9, x), 
which (by using the /-function) result in off-diagonal terms (i. e. in N- 
connection coefficients) w s k tn (t,p, 9, x) (JEJ) and n s k tn (t,p, 9, x) PHj) . 
We satisfy the conditions (}4*T|) if we choose a conformal factor 

^ = m (p,9,x)co 2 ( P ) = (h, -T /Pl 

for some integers p\ and P2 and defining Q as solutions of the equations 

diU - (wi + Qu* = 

for given solitonic values Wi = wf n and uo = uo stn . 

The nontrivial anchor coefficients are defined by the values q a = l/q a 
and r]p = 1/rf, stated by (fTSjl. introduced in formulas (jo^|) for ( p^) 2 with 

Hi(p,e, x ). 
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